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Abstraet-This paper examines bifurcations. including diffuse bifurcation modes of deformation.
such as necking. bulging and surface rumpling. and localized bifurcation modes. corresponding
to the formation of shear bands. for a compressible pressure-sensitive circular cylinder under
axisymmetric deformations. The analysis emphasizes the effects of non-normality. transverse ani
sotropy. and confining stress on the appearance of diffuse modes and their relationship to the onset
of localization. In particular. introduction of transverse anisotropy and non-normality promotes
not only localization but also geometric diffuse modes under compression. In addition. constant
compressive confining stress promotes diffuse modes under compression but hinders them under
tension. For the surf,lce rumpling mode (short wavelength limit of diffuse mode). both anisotropy
and compres.~ive lateral stress favor pre-peak bifurcations: in-plane compressibility promotes pre
peak bifurcations under compression but rel<lrds them under tension. Numerical solutions of the
eigenvalue equation for the elliptic complex regime demonstrate that the earliest bifurcation avail
able is the diffuse necking mode under tension. However. unexIX'Ctcdly. some geometric diffuse
modes with finite wave numher. instead of the bulging mode. hecome the first possible bifurcation
under compression. TIle possihlc angle of loc,dization th,lt Illay he triggered by such diffuse modes
is about the same as those predicted by shear band analysis. Consequently. such diffuse eigenmodes
may trigger localization in the vicinity or peak applied stress.

l. INTRODUCTION

Bifurcations, such as diffuse geometric modes and localized shear band modes, arc orten
observed phenomena in material testing. Therefore, a detailed bifurcation analysis, which
includes ditfuse modes and the relation of their appearance to the onset of localization, may
provide considerable insight into the failure process.

Since the most commonly employed testing configuration, particularly for geo
materials. uses circular cylindrical specimens. we examine axisymmetric bifurcations from
states of uniform compression or extension of circular cylinders. Although the constitutive re
lation we employ is general, our emphasis is on applications to geomaterials, especially
brittle rocks.

In the axisymmetric compression test, localization of deformation is orten related to
the final failure mode in rocks. The analysis of strain localization from axisymmetric
deformation states by Rudnicki and Rice (1975) suggests that localization in a specimen
under compression appears relatively late in the post-peak applied stress regime. Exper
imental evidence is, however, not definite in supporting whether the development of strain
localization occurs preceding or arter peak applied stress. In particular, although there
are some experimental observations [e.g. Rummel and Fairhurst (1970); Wawersik and
Fairhurst (1970); Wawersik and Brace (1971); Fredrich et al. (1989)] that support the
prediction by Rudnicki and Rice (1975). more frequently, localization is observed preceding
peak applied stress [see summary of experimental observations by Santarelli and Brown
(1989)]. Even though Rudnicki (1977) concluded that stress-induced anisotropy may cause
some reduction in the amount of post-peak deformation predicted for localization, extreme
values of material parameters are necessary to obtain pre-peak localization. In this study,
we attempt to relate the strain localization observed preceding peak applied stress to the
diffuse modes available in the hardening stage of the stress-strain curve. In particular, we
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investigate the hypothesis that diffuse geometric modes trigger non-homogeneous defor
mation and. eventually. lead to pre-peak localization of deformation.

\Iore specifically. this paper considers bifurcations of a circular cylinder deformed in
axisymmetric tension or compression. The ends of the cylinder are loaded by a prescribed
velocity with no shear traction: and a constant lateral stress is applied with zero shear
traction on the sides of the cylinder. An initial state of homogeneous deformation is always
a solution to governing equations and we investigate the conditions for which a bifurcated
state of non-uniform deformation is also possible under the same boundary conditions. We
consider both diffuse bifurcation modes. such as necking. bulging and surface rumpling.
and localized bifurcation modes. corresponding to the loss of ellipticity or the shear band
modes. An incrementally linear constitutive model. including transverse anisotropy and
non-normality. introduced by Rudnicki (1977) is employed in this study. In particular. the
direction of the inelastic strain increment described by the model does not. in gencral.
coincide with the normal to the yield surface in the stress space: and transverse anisotropy
is introduced by assuming different longitudinal and transverse shear moduli. The conse
quences due to such material behaviors on the appearance ofdiffuse modes are emphasized:
and the possible connection of diffuse mode to the onset of localization is examined.

The present paper is a continuation of thc works by Cheng et al. (1971). Hutchinson
and Miles (1974). Rudnicki (1977) and Miles and Nuwayhid (1985) and provides an
analogous study of the plane strain counterpart by Chau and Rudnicki (19lJO). Elaborating
upon the work of Miles (1971) and Cheng c/ al. (1971). Hutchinson and Miles (1974)

extended the analysis of necking bifurcation of an incompressible cylinder under uniaxial
tensillll to include transverse anisotropy. No non-normality is incorporated in the above
studies. Miles and Nuwayhid (19X5) further extend the analysis to include compressibility
but do not consider anisotropy. Because the constitutive law used by Miles and Nuwayhid
( lIJXS) is written in terms of the Jaumann rate of Cauchy stress and the rate-of-dcformation.
it dl1!:s not satisfy precise normality in work-conjugate variables. However. this relation
docs not allow for the type of non-normality typical of brittle rocks. Therefore. the role of
non-normality in bifurcation analysis ulllkr axisymmetric deformation is examined here.

Vardoulakis (19X3) carried out a bifurcation analysis. which is similar to that con
sidt.:red hen:. for a rigid-plastic circular cylinder with non-associated llow rule and plastic
dilatatinn. The constitutive law used by Vardoulakis (llJX3) can he intt.:rprcted as a special
case of Rudnicki's (1977) relation which is employed in this paper. However. he limits
consideration to parameters typical of a particular dry sand. Furthermore. the clfect of
non-normality and anisotropy on geometric dill'use modes is not fully explored.

1. CONSTtTUTIVE RELATION

We consider a circular cylinder of radius (/ and length L under axisymmetric defor
mations. The current configuration is adopted as a reference and the subsequent defor
mation of the material is characterized by the following time- and rate-independent consti
tutive relation (Rudnicki. 1977):

( 1)

where (r. 0.:) are cylindrical polar coordinates. (T is the Cauchy stress. the superposed V
denotes the Jaumann or co-rotational rate (Prager. 1961). and [) is the rate of deformation
tensor.
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As discussed by Rudnicki (1977), E is the instantaneous tangent modulus, that is, the
slope of the axial stress-strain curve at fixed confining stress. In particular, E decreases with
deformation, equals zero at peak applied stress, and becomes negative for softening regime.
The axial straining is inhibited by the lateral stress rate by a factor of ' •. Thus, the pressure
sensitivity of the material is described by this parameter ' •.

The second of (I) can be rearranged as

(1)

in order to interpret other material parameters. For constant lateral confining stress, the
effective Poisson's ratio \' is the slope of the lateral strain versus axial strain curve. In
general. v > 1/1 for dilatant materials. In particular, for brittle rocks, a typical range of
1.0-2.4 near the peak applied stress is observed under axisymmetric compressions (Rud
nicki, 1977). G1 and G1 are the incremental transverse shear and longitudinal shear moduli.
The in-plane bulk modulus is denoted by K.

As mentioned by Rudnicki (1977), it is difficult to interpret ,"" and K from the existing
experimental d;,lta. Therefore, it will be helpful to compare (I) and the axisymmetric form
of the isotropic constitutive law introduced by Rudnicki and Rice (1975). As expected, E
is found to be proportional to the plastic h;,mlening modulus II while K is on the order of
e1ustic modulus. If the plastic hardening modulus is negligible compured with the clastic
moduli, then ," and 2v are found to bc

," = (<'5-2111)3)/(i5+JlI)3),

2v = (t) - 2{II)j )/(t) + {II )3), (3)

where J = sign (0'::-0',,), It is a friction coelJicient and II is the dilatancy I~lctor (Rudnicki
and Rice, 1975).

As mentioned by Rudnicki and Rice (1975), the typical range for It is 0.4-0.9 ,lOd for
f1 is 0.2-0.4 for brittle rocks. Thus, with these values (3) gives 2v ;;J: ,"" for tensile loads and
lv ~ ," for compressive loads. More specifkally, v ranges from 0.70-0.95 for compression
and O.n~0.35 for tcnsion whilc ," rangcs from 1.90-4.25 for compression and 0-0.44 for
tcnsion (It must be less than )3/2 in order for , .. to be positive in the case of tension).
Equation (3) also suggests that,· and v can be identified as the pressure-sensitivity and the
dilatancy factors respectively for the axisymmetric case. Furthermore, since 1/ = II implies
that the direction of inelastic strain increment coincides with the normal to the yield surface,

," = lv. (4)

implies normality. However, precise normality of work-conjugate variables requires that 0'
in (I) be replaced by Kirchhoff stress t (=tJ (plpo), where p and Po are the densities of the
current and reference configurations) which is work-conjugate to 0 (Hi!l, 1968, 1978).

The form of the constitutive relation considered by Hutchinson and Miles (1974) can
be recovered by specialization of (I), in particular, by considering the incompressible (K -+

CIJ and \' = 1/2) and pressure insensitive (,.. = I) limits of (I). Similarly, setting r" = 2v
and G, = G1 in (I) recovers the constitutive model by Miles and Nuwayhid (1985).
Furthermore, the rigid-granular dilatant material considered by Vardoulakis (1983) can
also be recovered by assuming that E, K, ," and v are some specific functions of Cauchy
stress, the Jaumann rate of Cauchy stress and the rate of deformation. Such constitutive
assumptions are. in general. too specific for rocks. In particular, the incremental parameters
can depend on the current stress or strain state but not necessarily in the way suggested by
Vardoulakis (1983).
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The maximum load point can be evaluated by setting

(5)

where t is the nominal stress rate. The rate of deformation tensor is defined as

where the superscript ( )T denotes the transpose of ( ), For axisymmetric deformations,
the velocity gradient tensor is given by

(7)

where v is the velocity vector and c" Co and c, are the base vectors to the cylindrical
coordinate system. Substitution of (7) into (6) gives:

I.'
Dt/t/ = "

r
D,- = I. (~_.V~ + ~~i).

- 2 (I;: ar (8)

In addition, the material time rate and the Jaumann rate of Cauchy stress are related as

d = c1-W·O'+O'·W. (9)

where W = (I. -1})/2. More specifically, under axisymmetric stresses (only a", a'III and a::
are non-zero), substitution of (7) into (9) yields

v . v . v . v . I (Ill', 111':)
(Jrr = (1", l100 = (100, (]:: = G::, (J,::= a,: - ') 1_ -~--- (a.:: - (J,,)._ (_ cr (10)

Furthermore, since the current conliguration is adopted as reference, that is det (F) = I and
F = I where F is the deformation gradient tensor and I is the second order unit tensor, the
nominal and Cauchy stress rates arc related as:

t = c1+0' tr(D)-L'(1,

where tr (0) is the trace of O. Substitution of (7), (8) and (10) into (II) yields

(I I)

( 12)

Then, eqns (I) can be rewritten in terms of t then (5) is used to yield three simultaneous
equations for three components of the rate of deformation tensor (D,,, Dlin and D:J. The
condition for non-trivial 0 leads to the following expression for the stress at maximum
load
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~~ =~ [I +0',,[2/9~- r*(1- v)1E1J.
_v 1+_0',,/9Kv
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(13)

where we have used 0'" = 0'00 as appropriate for a homogeneous axisymmetric state. As
observed in plane strain defonnation (Chau and Rudnicki, 1990), O'~iU differs from the
tangent modulus E unless the solid is incompressible (K ~ 00 and v = 1/2) and 0'" is zero.
It will be shown in Section 5 that O'~a, appears naturally as the first tenn of eigenstress for
the long wavelength diffuse mode.

For a smooth yield surface, G1 and Gt are essentially elastic moduli. However. if a yield
surface vertex is fomled at the current stress point, as suggested in models for metal
polycrystalline aggregates based on single crystal plasticity (Hill, 1967; Hutchinson. 1970;
Lin, 1971), G1 and Gt may be significantly reduced from the elastic values. Rudnicki and
Rice (1975) also argued that fonnation of a yield surface vertex is possible in brittle rocks
due to frictional sliding on fissure surfaces. As suggested by Rudnicki (1977), this yield
vertex effect may be included into (I) by simply regarding Gt and G1 as the vertex reduced
shear moduli. Such an interpretation of Gt and G1 plays an essential role in understanding
the shear band bifurcation mode (Rudnicki and Rice, 1975; Rudnicki, 1977).

As discussed by Needleman (1979) and Chau and Rudnicki (1990). for solids that do
not satisfy plastic normality. Hill's (1958, 1961a, 1978) general theory of bifurcation and
uniqueness. which is based on the idea of "linear comparison solid", is not applicable.
Consequently. (I) can only provide the upper bound of the bifurcation stress in the sense
of Raniecki and Bruhns (1981).

3. GOVERNING EQUATIONS

This section closely follows Miles and Nuwayhid (1985) and the mathematical detail
should be referred to these authors. For a finite cylinder of radius a and length L, a
cylindrical polar coordinate system (r, 0, :), with origin resting on the bottom of the cylinder
and z-axis coincident with the axis of symmetry, is used. The ends (: = 0, L) are loaded by
a prescribed velocity in the :-direction in such a way that shear traction vanishes. A constant
lateral stress is applied in the r-direction such that no shear traction is induced on r = a. The
circular cylinder is homogeneously deformed in the current state and a further homogeneous
deformation is always a possible solution for the next increment of deformation. If there
exists an alternative solution for the next increment of deformation. bifurcation occurs.
The difference between the bifurcation and the homogeneous solution is denoted by the
superscript •. More specifically. we are seeking a non-trivial solution for the differ
ence in incremental stress rates a;; and a~ and the velocity field L'~ and v~.

The boundary conditions governing the difference in incremental solutions are then

and

l'~ = o. . cv~
It = a~ -0'"~ = O. on == 0, L,c,r

'. '. (v~ av~)I" = 0'" +0'" -; + a: = 0,

'. '. av~ 0I,: = u,:-u:: a: = •

( 14)

(15)

on r = a. Note that the "follower type" of confining stress, which acts always normal on
the deforming boundary of the cylinder, considered by Cheng el 01. (1971) and Vardoulakis
(1983) can be recovered simply by setting 0'" = 0 in the first of (15).

Continued equilibrium of both incremental solutions can be written in terms ofCauchy
stress rate as follows
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( 16)

with a,o and ao: being zero.
For compressible solids, the stream function employed by Hutchinson and Miles (1974)

does not exist. However, since a" equals atl~ for the homogeneous primary state, a stress
rate potential x(r, =) can be defined such that (Miles and N uwayhid, 1985)

( 17)

A similar stress potential has been used by Love (1927) in calculating the stress distribution
in an isotropic elastic circular cylinder; Elliott (1948) further showed that Love's stress
function can be used to solve elastic problems in transversely isotropic solids. By combining
(I), (10) and (17), the velocity components, l", and 1":, are found to be

( IS)

where

I iJl [(l( )J) = r .
r Dr ('r .

Note that Gill has the interpretation as the stress at maximum load for the same material
unda plane strain deformation. More specifically, if D 21 = 0 (or equivalently D

"
= 0) in

the Cartesia n form of ( I) wi th the .::-axis replaced by x )-axis, then &22 (or eq ui valcntly iT I I)

can be eliminated to give a plane strain version of (I). By using the conditions for a load
maximum given by Chau and Rudnicki (1990), the stress at the maximum toad point is
found to be equal to am given above. Similarly, the Cauchy stress rate, aoo and 0-", can be
obtained in terms of material parameters and the stress rate potential x(r,'::) :

. 9K\' [ 1", ( £) h, I a ( ax)]
('ftJII = '" 0"10 - Urn - V" ""I + r - ,

9Kr*\'+ 2£ r I' cr r Dr 2r

. 9Kv [£ (D/', l") I (~ ( (~x)] (('l" /,,)a = .. + .. + r ... +G -.
" 9Kr*\'+2£ 2\' ('r r r('r Dr I Dr r

( IlJ)

Furthermore, by combining the last of (I), (8) and (10), the following expression is obtained

(20)

with s = (a:: - a,,)/2G,. Finally, the second of (17) and (18) are substituted into (20) to
yield the following governing equation for x:
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The coefficients. A. Band C. are defined as

A = (l-s)(4G, +9K),

B = E(4G, +9K)/G j +9K[2r*vG,/G1- (2v+r*) +s(r* -2v)].

C = 2(1 +s)(9Kr*\'+2E).

807

(21)

(22)

In general. (21) can be elliptic. hyperbolic or parabolic depending on the coefficients A. B
and C. Such classification of (21) is related to the classification of bifurcation regime, which
will be considered next.

4. LOCALIZATION AND CLASSIFICATION OF REGIMES

The onset of strain localization in a narrow band with normal g is considered in this
section. A more general treatment of shear band analysis has been given by Rice (1976).
Geometrical compatibility reljuires the velocity increment to be continuous but permits a
jump in the velocity gradient across the band (Hill. 1961b. 1962; Rice. 1976)

where C, arc the components of jump and I: is the normal to the incipient band.
Incremental eljuilibrium across the band gives

!ltrit, = o. (Cl. II = r. =).

(23)

(24)

Equations (23) and (24) arc the two basic conditions to be satisfied across the shear band.
Substitution of (I) and (23) into (24) provides two simultaneous equations for c, and Ct.

For a non-trivial solution for velocity gradient jumps. the determinant of the coelTIcients
for c, and c: have to vanish. This gives a 4th order algebraic equation

(25)

where A. Band C have been defined in (22).
Shear band bifurcation is possible oniy if a real value for the ratio 9,/9: exists. Thus.

the type of the governing equation for x(r. =). (21) and (22). also determines the number of
real roots for 9,/9:. As discussed by Hill and Hutchinson (1975). the partial differential
eljuation (21) is elliptic. parabolic or hyperbolic if there are zero, two or four real roots for
(25) respectivdy [also scc Hill (1979)).

The regimes for diflcrcnt behavior arc summ<lrized as:

Elliptic:

E 8(1 -s~)G, +9K[2v+r* +s(2v-r*) -2r*vGI /Gd.. > ._ _--- --_.._--_._-_...... . _. ----_.._._-
G, 4G, +9K

8(I-s~)I'~[( 9Kr*) ( 9K\') 9K JI/2- -------.- G + -- G, + -' + -- G r("v-r*) .
4G, +9K 1 4 2 4 I' - •

Parabolic:

(26)

(27)
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Hyperbolic:

E 8(1 -s:)G;+9K[2\'+,*+s(2v-'*l-2,*vG, Gd--- < ---- -------_..._------ ... -~---------
G1 ~G,+9K

The elliptic regime can be subdivided into portions where the roots of (25) are complex
(EO and where they are imaginary (E/). The elliptic imaginary subregime (El) is given by
(26) if the negative sign in front of the square root term becomes positive.

As shown from (3). the Rudnicki-Rice (1975) model suggests that the values 01',* and
\' depend on the sign of (IT:: -(1" )/2G1• Consequently. the elliptic-parabolic (EiP) boundary
is not symmetric with respect to IT" = IT" and this dillers from the plane strain analyses by
Needleman (1979) and by Chau and Rudnicki (1990) (typical plots are giwn in Figs 8-10).

In general. if normality is not satisfied. shear band bifurcation may be possible in the
pre-peak range of the axial stress-strain curve. To sec this. let us assume E degrades more
rapidly with deformation than other material parameters. In addition. for smooth yield
surface. i.e. G1 is essentially the elastic shear modulus. shear band bifurcation becomes
possible if E diminishes to the point where the hyperbolic region is entered near s = O.
Setting s = 0 in (28) and rearranging yields the critical value of E for shear band mode
obtained by Rudnicki (1977) :

9 K,*\,

2
(29)

As discussed by Rudnicki (1977). (29) adu;dly corresponds to the critical value of E
obtained by neglecting the ditl"crence odween ir and 0'. A positive E is possiole from (29)
at strain localization although Rudnicki (1977) concluced that such a situation requires
extreme values of material parameters. If normality is satisfied (,* = 21'). it can be shown
that (29) is always negative for positive (;, and K. As noted by Rudnicki and Rice (1975)
for isotropic materials. if plastic normality is satislied strain localization is not possible
prior to peak applied stress in axisymmetric compression. The result here generalizes this
conclusion to transversely anisotropic solids. More generally. Hill (1983) has shown. using
the technique of splitting second-rank tensors at an inlerface into exterior and interior
parts. that this conclusion. regarding the ell"cct of normality on localization. is true for
arbitrarily anisotropic solids.

The consequences of introducing transverse anisotropy can be illustr'lted by adopting
the interpretation of G[ and G, as reduced shear moduli and K as an elastic modulus. i.e.
GI!K ~ 0 and G,I K ~ O. With these simplifications. (29) further reduces to (Rudnicki. 1977)

E = GI[2\' + r* - 2(2r*v) 1 "]- 2G,'*v,

For shear band bifurcation to occur in the hardening range. it requires

(30)

(31 )

The significance of normality and transverse anisotropy for possible pre-peak strain local
ization is illustrated in Fig. I by plolling G'/(;1 against '*121'. The cross-hatched region
corresponds to shear band initiation at E> O. As mentioned in Section 2. the Rudnicki
Rice (1975) model suggests that ,'" i2v > 1 for compression and ,"'i2v < I for tension.
Therefore. if there is no transverse anisotropy (G"G1 = I). pre-peak strain localization is
excluded under compression because the isotropic line. G,/G1 = I. meets (31l only at''''/2v ......
if.; for ,"'/2\- > I. Introduction of transverse anisotropy in (I) enhances the possibility of
the shear band mode in the hardening range (E > 0) under axisymmetric compression. For
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r"/<2vl

E<O

I

Yv-
-{'I"
I
I
I
I

: Normality

V
I
I
I
I

Isotropy
~_L _

Gt (r"/2V) + 1-2 <r"/2vl'l2
Gl= (r"/2V)

I
Tension --+--Compression

Fig. I. Sketch depicts different portions in parameter spaee (G,fG,. r-j2v) for which shear band
bifurcation occurs at pre-peak (E > 0) or post-peak (E < 0) region. The cross-hatched areas are
regions for which strain localiziltion appears preceding the peak applied stress. The plot is based
on eqn (31) which is for K» G, and K» G,. The lines corresponding to normality (r- "" 2v) and

isotropy (G, = G,) are also shown.

example. if ,*/2\, = 3 [roughly corresponding to 1J = 0.9 and II = 0.2 in Rudnicki-Rice
(1975) model). Fig. I suggests that shear band occurs at E> 0 for Gt/G, ~ 0.1786. Such a
value of GI/GI docs, however, require a strong vertex effect. Conversely, for tension
(,*/2v < I) pre-peak strain localization is possible even for Gt = G1 if ,./2v < 1/4. This
value of ,*(lv is possible, since (3) gives, for tension,,* from 0 to 0.44 and 2v from 0.44 to
0.70 for typical values of II (0.2-0.4) and 11 (0.4-0.9) suggested by Rudnicki and Rice (1975).
In addition, the occurrence of a minimum point at ,*j2v = I and G,/G, =0 (as shown in
Fig. I) again demonstrates that pre-peak strain localization is not possible for transversely
anisotropic solids satisfying normality.

Similar to the plane strain case (Needleman, 1979; Chau and Rudnicki, 1990), the
ratio tan 0 = 9,/9:, in addition to satisfying (25), must not exceed L/2a and the band must
be vanishingly narrow to meet the traction-free condition on the sides at bifurcation. The
angk 0 at the transition from elliptic to hyperbolic regime satisfies

(32)

where E can be evaluated by (28) with the < sign replaced by an equal sign. Figure 2 shows
oversus s( = (0':: - (1,,)/2G1) for some combinations of material constants (assumed fixed
with s) given in Table I. The parameters ,. and v used in Fig. 2 are evaluated assuming
that 1J and Pare positive, as in Rudnicki and Rice's (1975) model, i.e. (3) is used. A typical
range of 1J and Psuggested by Rudnicki and Rice (1975) is used in Table I. Equation (3)
gives a discontinuity of both ,. and v across s = 0 and, hence, there is also a jump in
bifurcation angle O.

The predictions of (32) illustrated in Fig. 2 are consistent with experiments for various
rocks. In particular. if s is negligible at localization, 0 is found in the ranges 52"-57° for
compression (s < 0) and 19'-36' for tension (s> 0) for the material parameters given in
Table 1. Fracture angles observed experimentally by Brace (1964) and Mogi (1967) for
various rocks (including dolomite, diabase, quartzite, granite and limestone) are in the
ranges 58'-77 for compression and 0'-24' for extension. Therefore, the prediction based
on (32) and (3) underestimates the bifurcation angle for compression but overestimates
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9°l
18
I
I
~

I

r !

I
6ci'r

~

0'
-':-1.0:::--------=0:":.5:-------0:!:--------:O:l-.5::------~,.0

s: <a,,-a.. l/2Gl

Fig. ~. The bifurcation angle 0. angle between normal to shear band and the axis of symmetry of
(he circular cylinder. on the elliptic-hypcrb\llic (Ell I) boundary is shown against (11,< -11" )/~G,. The

parameters for each curve are given in Table I.

Table I. Various values or 1l.11. G,/(/,. KIG,. ,. and ~v used in plolting Fig. 2 (,. and
2v are evaluated bascd on cqn (3»

J<O J>O
Curve II II G,IG, KIG, ,. 2v ,. 2v

I 0.4 O.~ 1.0 100 1.90 1.3<J 0.44 0.69
2 0.4 0.4 0.75 100 1.90 1.90 0.44 0.44
J 0.6 04 0.5 5 ~.5<J 1.90 O.~J 0.44
4 0.9 O.~ 0.5 5 4.~5 1.39 -(U)J 0.6')

them for tension. Note. however, that a stronger non-normality (for example, l:urvc 4 in
Fig. 2) gives better agreement with experiments. To obtain higher values of () for com
pression requires extreme values of material parameters [see Table I of Rudnil:ki (1977)].

The rough agreement of the prediction of (32) with experiments lends credence to the
interpretation of,* and v based on comparison with Rudnicki and Rice's (1975) model.
Therefore, this interpretation of ,* and v (given by (3» is used in the rest of this study
except where otherwise stated.

The etlccts of non-normality and dilatancy on the bifurcation angle can be seen easily
if E and Gl arc negligible compared with K and s = 0 at the inception of strain localization.
Then, as noted by Rudnicki (1977), egn (32) can be approximated by tan U~ (2,*~') I ~.

Therefore, only for incompressible solids satisfying normality, that is, for 2~' = ,* = I, does
0= 45 '. Furthermore, the bifurcation angle 0 increases with non-normality (r*/2v > I) and
dilatancy in compression; in tension 0 increases with dilatancy but decreases with non
normality ('*i2~' < I).

5. DIFFUSE BIFURCATJO:" MODES

Geometric diffuse bifurcation modes, appearing in elliptic, hyperbolic and parabolic
regimes, arc considered in this section. Special limits of diffuse modes, such as long wave
length necking and bulging modes and short wavelength surface rumpling modes, arc
emphasized.
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Following Miles and Nuwayhid (1985), the diffuse bifurcation modes are assumed in
the form

x(" =) = XC') cos (,,=), (33)

where,! = krr./L, k = \, 2, ... and, hence, the end boundary condition (14) is satisfied ident
ically on == 0 and L. With the eigenmodes (33), the following governing equation of X(r)
is obtained

(34)

where the operator L I has been defined following (18) and A, Band C have been given in
(22). Furthermore, since the lateral surface, = a of the cylinder sustains no shear traction.
substitution of (17)-(19) and (33) into (15) yields

(35)

on r = ll. And we have used the following definitions for Yl , i = 1,2, ... ,6.

Y2 = 0"" (4Gc+9K)/(18KvO"n,)'

Y, = (2Gt -0",,)(9Kr*v +2E)/(9KvO"m), Y4 = -(2Gt -O",,)/O"m'

Y~ = 0"::(9Kr*v+2E)/(9KvO"m)' Y6 = I-O"::/O"m.

(36)

Thc "followcr typc" confining stress (Cheng el al., 1971 ; Vardoulakis, 1983) can be obtained
by simply sctting (1" = 0 in (36).

The gencral solutions of (34) arc of the form

(37)

whcre III is the Bessel function of the first kind of order zero. Substitution of (37) into (34)
reveals, as expected, that the Pm' m = 1,2 satisfy (25), the equation for evaluating the
direction of the shear band (9,/9:) ; hence, the regime classification given in Section 4 equally
applies here. Alternatively, (34) can be factored as

(38)

Since the evaluation of the eigenvalue equation is similar to that for plane strain (Hill
and Hutchinson. 1975) and to that for axisymmetric deformation (Cheng el al.• 1971;
Vardoulakis. 1983; Miles and Nuwayhid, 1985), the results arc only summarized briefly in
the following subsections.

5.1. The elliptic regime
As mentioned earlier. the elliptic regime can be subdivided into portions where the

rools arc complex (EC) and imaginary (EI). In EC, the roots for (25) are p = p+iq and
its conjugate i j = f' - iq. The solution form is

X(r) = Re [Alo(,!pr)],

where Re [...J denotes the real part of [...]. The quantities f' and q are defined as

(39)
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(40)

where A. Band C are given by (22).
The corresponding eigenvalue equation from (35) is

1m {J I (,'p)(Y5 +P2 Y6) [ J I (,p)( YJ +P2 YJ) - i'PJI) (,'P) ( Y I +P~ Y2) l;' = O. (4 I)

where 1m [...] means the imaginary part of [...] and i' = rJU (or i' = bra. L).
For the EI subregime. the pure imaginary roots of (25) are PI = ip and P2 = iq where

p and q are real positive and are related to the material parameters as

(42)

and again A. Band C are given by (22). The solution for X(r) becomes

where 10 is the modified Bessel function of order zero,
The boundary condition on , = a (35) yields the eigenvalue equation

[Y s - YhP~l/, (f'p) [Y, - YJp~l/, (,1') -1'1'[ Y1 - Y~p~l/o(f'p)

[Y~=-}~~?fi'-('-:(lj = [Y, - YJi?JlI (i'q) -i'il[ Y1 - Y~i/l/o(,'q)'

(43)

(44)

for the EI subregime.
Both long wavelength limit. i' ..... O. and short wavelength limit. , ..... 'X). of the eigenvalue

equations in EC and EI are considered here. For small values of y, J" can be written in
series representation (Abramowitz and Stegun, 1(4) then substituted into (41) to yield the
long wavelength limit for EC:

E [I +(1,,[2/9K-,*(I-V)/El] ,
(1 = .. +0("-)

:: ') , I + ') ft'K ' I •_\ _(1,,1 7 \
(45)

The first term on right side is the maximum load point given by (13). Therefore. the long
wavelength necking or bulging mode occurs at the maximum load point independently of
whether the constitutive relation satisfies normality. This obscrv'ltion is consistent with the
result obtained by Miles and Nuwayhid (1985) for long wavelength necking mode under
uniaxial tension. The maximum load point. eqn (45), is sketched as curve A in Figs 8-10.

To consider the long wavelength limit in EI. the series representation of the modified
Bessel function is substituted into (44) to yield (45) again. Then:fore. the long wavelength
bifurcation mode (45) continues across the EI/EC boundary.

For the short wavelength limit. , ..... :x:. , substitution of the asymptotic forms of J" and
In with large arguments (Abramowitz and Stegun. 1964) leads to the requirement

(46)

for the EC subregime. If (1" = O. K ..... Cfj and ,* = 2\, = I, this short wavelength limit can
be simplified to

(47)

The eigenvalue equation (47) has been obtained for an incompressible half-space satisfying
normality by Biot (1965) and Bassani et al. (1980). Hill and Hutchinson (1975) and Young
(1976) also obtained the same bifurcation condition for short wavelength diffuse mode
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under plane strain conditions. Similarly. appropriate specializations of the short wavelength
diffuse mode by Needleman (1979) and Chau and Rudnicki (1990) also lead to (47). The
solution to (46) is shown as curve B in Figs 8-10. Furthermore. the short wavelength limit
never intersects with the E/P boundary because there is no root to (46) on either compressive
or tensile E,P boundaries (s = - I and s = I. respectively).

Substitution of the asymptotic form of the modified Bessel function with large argument
into (44) again leads to (46) for the EI subregime; hence. the short wavelength surface
rumpling modes continue across the E[/EC boundary.

In the plane strain bifurcation analysis. some diffuse bifurcation modes can be ex.c1uded
from portions of the elliptic regime (Needleman. 1979; Chau and RUdnicki. 1990). However.
due to mathematical complexity. such considerations are not straightforward in the present
axisymmetric case.

5.2. The parabolic regime
[n parabolic regime. the roots for (25) are I' and iq. The general solutions are in the

form

(48)

The real constants. p and q. are defined as

(49)

Substitution of (48) into (35) leads to the following eigenvalue equation for parabolic
regime:

[Y~ + Y61'1jJ I (YI') [Y) + Y41'~jJI (YI') -ypJo(yp)[ Y1 + Y21'2j
[Y~- y6q 2]1,(yq) = [Y\- Y4q2j/l(yq)=yq/~(yq)[y~='-Y;;?j'

(50)

Bifurcation of diffuse modes becomes possible as soon as the parabolic regime is entered.
To see this. we can first consider the short wavelength limit of (50). This limit requires that
tan ('II') equals a quotient with both the numerator and the denominator being a polynomial
of I' and q having coeflicients involving only YI. Yh Y$ and YI>' This relation is found
similar to that for the parabolic eigenvalue equation for a rectangular specimen under plane
strain deformations. Consequently. the arguments employed by Hill and Hutchinson (1975)
and by Needleman (1979) for the eigenvalue equation on the tensile elliptic-parabolic
boundary in plane strain case (note 'II' ..... 00 for fixed value of 'I in their case) can also be
applied here. Moreover. as already mentioned, we are considering the short wavelength
limit (Y ..... x;). Therefore. the same argument equally applies for the compressive elliptic
parabolic boundary where I' is bounded. More specifically, as s approaches I from above
(or s approaches - I from below). tan (YI') oscillates between ± 00 in an infinite sequence
of intervals bounded below by s = I (or bounded above by s = -I). This implies, as noted
by Hill and Hutchinson (1975). that in any finite interval closed from below by s = I (or
from above by s = - I) there is an infinite sequence of eigenvalues for the short wavelength
limit of (50). [n particular, there is an infinite sequence of eigenvalues available in the
vicinities of both the tensile and compressive EfP boundaries for some sufficiently large k
(note that Y = k1ro/L). Therefore. short wavelength diffuse modes and shear band modes
are always available simultaneously once the parabolic regime is entered.

5.3. The hyperbolic regime
[n the hyperbolic regime, the solution modes are in the form

(51)

The real roots for (25) are I' and q and they satisfy
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The eigenvalue equation is

[Y,+ YnP:]JICP) [Yl+ Lp:]JI(;'pl -;p[Y I + Y:p:]J"Cp)

[Y, + Yo(/li , (i'q) = [y, + Y~q~TJ;T::q) - i'q[ Y1 + Y:(/]J,,{j'l/l .

(52)

(53)

Expanding (53) in ascending powers of i' gives (45) again. Hence. the long wavelength
necking and bulging modes continue through the elliptic~hyperbolicboundary. The short
wavelength limit C' ~ x) of (53) requires that tan (;p) is equal to a quotient with
II (p. '1) + tan (i'q)I:(p. q) as numerator and I:(p. q) + tan (;'q)It (p.ltl as denominator. /1
andI: are polynomials of p and '1 with codllcients involving only Y I • Y:- r, and Yh • This
relation for the short wavelength limit is again found to he similar to the form of the hyperbolic
eigenvalue equation under plane strain condition (Chau and Rudnicki. 1990; Needleman.
1(79). Consequently. the same arguments discussed hy Needleman (1979) show that bifur
cation into some sutllciently short wavelength mode is possihle as soon as the hyperbolic
regime is entered.

By comparing this section to Needleman (1979) and Chau and Rudnicki (1990). we
find a close resemblance between diffuse mode analyses for axisymmetric and plane strain
states. More specifically. although the eigenrnodes for plane strain and axisymmetric defor
mation arc difrcrent. the results oht;tined by the dilhlse mode analyses share some common
characteristics. In particular. for hoth cases the long wavelength limit coincides with the
maximum load point; the surface rumpling modes in the elliptic regime arc of the same
form.

Although geometric diffuse modes in hoth hyperholic and paraholic regimes arc found
to he mathematically admissihle. they are of less interest. As soon as the hyperholic or
paraholic regime is entered. the shear hand mode is expected to dominate. However. elliptic
diiTuse modes may playa significant role in the development of suhsequent localization and
will he investigated numerically next.

6. NUMERICAL RESULTS H)R ELLIPTIC DIFI:USE MODE

In this section. a standard numerical search procedure [e.g. Section 9.3 of Press cl af.
(19H9)J was used to evaluate the bifurcation stresses to six significant digits at various values
of i' (= bra,!L) in the EC suhregime. First. the EC suhregime was identilied using (26).
Then. (41) is used to search for the root of (11,,-I1,,),2C, at each fixed i'. If no eigen
value was found within the EC sub regime. the search is discontinued.

The material parameters in (I). in general. change in a possibly complex way with
stress. However. in order to gain insight into their effect on the occurrence of diffuse
bifurcations. solutions to (41) in Fig. 3 are given by holding all parameters. except one.
constant.

6.1. DijJilsc modc Il'ilhfini/c i'
In Fig. 3(a). typical eigenvalue surt~lces for a solid not satisfying normality {JI ;f. fiJ at

various values of E/C,are obtained for both tension and compression. The long wavelength
limit (j' = 0). eqn (45) (corresponding to curve A in Fig. X). coincides with the y-axis in
Fig. 3(a). Under compression. for increasing 111:,/2G,I. the first eigenvalue surface we
intersect is the one for E/C, = O. More specifically. the lowest possible bifurcation stress is
always at peak (E/Ci, = 0), However. the actual value or E<i,may rwl be zero when 111::/2GtI
intersects the eigensurface of £/CI = 0; hence (41) may not be satistled at that point. In
particular. the actual bifurcation may occur pre-peak (£ > 0) if 111::/2Gti increases more
rapidly than the drop of £jC, such that HI) is satisfied for some positivc EjC,. Note that
the eigenvalue surfaces in compression (11::I'2G, < 0) always have a maximum point (or
smallest compressive stress level). which occurs at,' sOlm:where betwcen two and three. for
a fixed £/Cj as shown in Fig. 3(a).
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Similar eigenvalue surfaces are plotted in (a::/2G1.,·)-space in Fig. 3(b) for a solid
satisfying normality (p. = IJ). To satisfy the eigenv~lue equation a higher stress level
Ca"l 2G1). in both tension and compression. is required for the same E. Gr compared with
Fig. 3(a). Thus. deviations from normality promote diffuse bifurcations in EC.

The effect of transverse anisotropy on EC diffuse modes occurring at peak (E Gr = 0)

is illustrated in Fig. 3(c) by plotting the eigenvalue surfaces for various values of G,. G1• The
drop of G, Gj from unity reduces the eigenstress significantly at peak (EGI = 0). That is.
the introduction of transverse anisotropy promotes diffuse modes in both tension and
compression. Again. the maximum eigenstress in compression occurs at i' betwcen two and
three.

Since the most common testing configuration for geological materials involves a con
stant confining stress. the effects of lateral stress are examined in Fig. 3(d). As the com
pressive confining stress increases. the eigenstress (Ia:: a"I/2G1) increases in tension but
decreases in compression. More specifically. compressive confining stress promotes diffuse
bifurcation modes in compression but retards them in tension.

Numerical calculations reveal that the effects on the eigenstress of decreasing Gtl K
bdow 115 are insignitkant for finite " « 10). Furthermore. the eigenvalue surface is
suppressed by G,IK greater than one.

As shown in Fig. 3(a-d). the smallest eigenstress level always appears at " between two
and three under compression. Typical radius to length ratios (a/ L) of rod specimens used
in experiments are between 1/4 [e.g. Wawersik and Fairhurst (1970) and Hadley (1975)1
and 16 [e.g. Mogi (1967) and Scholz «(96X)]. The eigenmodes, which gin;,' (=J.:7w/L)
between two and three. are those with wave numbcr J.: = 3 and J.: = 4 or 5 for uL = (/4
and an = 1/6. respectively. Combining the definition of f', in terms of x(r,:) and the
eigenll10de (33) reveals that /', is proportional to cos (krr:/ '-). Such eigenmodes appear to
be the earliest dilfuse modes available under compression and are sketched in Fig. 4(,1) for
k 3 and II.'!. = 1/4 and in Fig. 4(0) for J.: = 4 and iI/L = 1/6. Note that the bulging mode
(/\ = l) is not possihle for these specimen sizes according to Fig. 3(ad). Further implications
of these dilfuse modes in compression on strain localizations arc discussed in Section 7.

Under tension. as shown in Fig. 3. the minimum cigenstress is always at " = O. i.e. the
maximum load point. for any lixed value of E/G1• These numerical results suggest that,
similar to the plane strain case (Chau and Rudnicki. 19')0). the long wavekngth diffuse
mode is always the first bifurcation encountered in the EC suhregime under tension. As
shown in Fig. 3. the eigenstn:ss for diffuse modes appearing at peak (E = 0) im:reases slowly
for " less than abollt three under tension. Then, for solids satisfying normality. as shown
in Fig. 3(b d), the eigenstress rises more rapidly for y between three and ft)llr before forming

----'1'
I
I

L

(a) 0/L:'/. k:3 (b) a/L:'I" k:4

Fig. 4. Skelches illustrate Ihe earliest possible pre-peak dilfuse mode under compression. Possible
shear hand loc;tlization triggered by diffuse mode is also shown. The skelches are for: (a) a. L = I -I

andk 3;and(h)a/L= 1/6andk=4.
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a hump-shaped curve; for solids that do not obey normality, as shown in Fig. 3(a), diffuse
modes with i' greater than 3.5 are not possible at peak applied stress (E = 0). Since t', is
proportional to cos (k'1r:!L), for a specimen of finite size (non-zero a/L), k = 2corresponds
to the necking mode. For the material parameters used in Fig. 3, it can be shown that, as
long as a!L < 7/4Tt, necking is possible at peak applied stress (E = 0) under tension. Necking
may actually appear pre-peak (see. for example. (45) or curve A in Figs 8-10) depending
on the evolution of material parameters under loadings.

6.2. The short wQt'elength diffuse mode (y --X)

Eigenvalue surfaces given in Fig. 3(a-<l) are restricted to the finite wave number k
(y < 10). For large y, or the short wavelength limit. (46) is solved numerically for various
values of compressive confining stress and plotted in Fig. 5. The cross-hatched regime
corresponds to the portion in the parameter space where the surface rumpling mode is
possible preceding the peak applied stress (E = 0). The short wavelength limit of the diffuse
mode may appear pre-peak if 10":: - 0",,1/2G1 increases more rapidly than the drop of E/G\.
As depicted in Fig. 5(a, b), there are two separate cross-hatched regions, one on the
compressive side and one on the tensile side, in the parameter space. However, as shown
in Fig. 5(c. d). as the compressive confining stress level increases the two separate regions
connect. Consequently, surface undulation becomes possible even under hydrostatic stress,
i.e. U;: = 0"". Therefore. compressive confining stress is conducive to the appearance of
short wavelength diffuse mode. Note that, in Fig. 5, we have assumed that ,* and v are
independent of the sign of s. that is. the interpretation of Fig. 5 is not restricted to the
Rudnicki -Rice (1975) model. Such interpretations of,* and v apply also to Figs 6 and 7.

For uniaxial tension and compression (11" = 0), the condition for short wavelength
mode at peak applied stress (E = 0) can be obtained from (46) as

{( *)(4G )["G ]}12<:;; = 1+'":: , It + I - 1\-"::

r*G, ,*Gt 2v 9K 2G\ +"::
(54)

The effect of transverse anisotropy on the short wavelength diffuse mode is investigated by
plotting ,*/2v against 0"::/2G1 in Fig. 6 for zero G,/K. Again, the cross-hatched regions

o 1.0
(b) (1j,,-Ij,,)!2Gl

0;, /Gt: -0.3 r"/2l/

o 1.0
(cJ (eJ,,-o;,)/2Gl (d) (1j.,-Ij"J/2G,

Fig. 5. Sketches depict differcnt portions in (r· !2v, t7,,/2GI )-spilce for which short wavelength diffuse
modes may occur at pre-peak (£ > 0). The cross-hatched areas are regions for whcih surface
rumpling may appear preceding the peak applied stress. Material parameters used arc v = I,
G.lG, = 1(4, G,IK =- I(4, and with (a) t7~/G, =- -0.3: (b) a"IG, = -0.5; (el tT~/GI = -0.6; and (d)

tT"IG, = -0.7.
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o 1.0
(c) (d) V" /2G;

Fig. 6. Same as Fig. 5 for GJA" = 0 aml with (a) rG,/(i, = I; (hI \'(;,/G, = t ~; (e) 1-(;,/(;, '" 1/4;
and ((I) \'fi,/G, = o.

G,/K:O r"/ZV r"/ZV

-1.0

G, /K: 50 r"/Zv

Z.O

o -1.0 0 1.0
(e) vu/ZGt (d) v,,/2Gt

Fig. 7. Same as Fig. 5 for \'GJG, = 1/4 and with (a) G,i A" '" 0; (0) (i,iA" = 2; (e) G,/K = 5; and (d)
Ci,/A" '" 50.

correspond to the parameter space where surface rumpling mode can appear pre-peak
(E> 0). As vG,/G, decreases both compressive and tensile cross-hatched regions expand
correspondingly. That is. a stronger transverse anisotropy. corresponding to a smaller
\·G./G l • reduces the eigenstress level (lt1:://2GI ) required for pre-peak surface wrinkle mode.
The two separate cross-hatched regions finally meet at r·/2v = I as vGtlG1 approaches zero.
Thus. the surface rumpling mode becomes possible at peak even for small t1::/2G, if vGt/G1

is negligible. Again. surface modes may appear at some positive E/G1 if 1t1::1/2G1 increases
faster than the drop of E/G,. More specifically. the introduction of transverse anisotropy
enhances the appearance of the short wavelength diffuse mode. This conclusion is the same
as those for diffuse modes with finite i' (see Fig. 3(c».
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Alternatively. (54) can be plotted for varying GI / K but fixed vGtlG, as shown in Fig. 7.
As shown in Fig. 7(a-d). when the in-plane bulk modulus K decreases the cross-hatched
portions expand in the compressive regime but shrink in the tensile one. In short. in-plane
compressibility promotes the appearance of pre-peak surface undulation under compression
but retards them under tension.

As mentioned previously. the values of,* and v used for Figs 5-7 are independent of
Rudnicki-Rice (1975) model: that is. (3) is not used. However. as mentioned in Section 2.
the Rudnicki-Rice (1975) model suggests that ,*/2\' > I for compression. As shown in Figs
5-7. (54) changes slowly with the increase of ,*/2\' for ,*j2v > I. That is. the short wave
length diffuse mode is relatively less sensitive to non-normality compared with the diffuse
mode for finite }'.

7. DISCUSSION

The incremental constitutive parameters in (I) are. in general. functions ofdefornlation
and stress state. For example. for brittle rocks. v increases rapidly with deformation after
the onset of dilatancy but decreases with confining pressure [e.g. Brace et £1/. (1966)]. Thus.
the interpretations of the present analysis can be extremely complicated and difficult.
However. if '*. \', G,. GI and K vary much more slowly with deformation than the tangent
modulus E. the situation is simplified considerably. And we further assume that the confining
stress is constant during the whole course of deformation.

With the above simplifications. Fig. 8 shows a typical case of the response regimes
when (T" = O. Since both ,* and v. according to (3). change values across (T;; = O. the
response regimes are not symmetric with respect to (T;; = O. and hem:e. differ from the plane
strain analysis (see Figs 3-5 ofChau and Rudnicki. 1990).

In general, the maximum load point (13) and the elliptic hyperbolic (E/II) boundary
do not intersect s = I at the same point. For example. if

(55)

the maximum load point cuts s = I on the EI/P boundary or otherwise the maximum load
point meets s = I on the HjP boundary.

E/Gl

E1 6.0

4.0 E1

EC

2.0
p

-0.5 0 0.5 1.0
s: 0;, !2G,

Fig. ll. Sketch shows differcnt regimes of bifurcation. including hyperbolic (Ill. elliptic complex
(EO. elliplic imaginary (EI) and paraholic (P). in the parameter space (E/G,. (IT.-.--IT,,);:!G,) for
(1" =: O. The material parameters r· and v are evaluated using eqn (3) and assuming I' and pare
positive in Rudnicki and Ricc's (1975) model. Long wavelength limil (curve A) and short wavelenglh

limit (curvc B) are also shown. Sketch is for G, = 0.75 G,. K = 5 G,. I' = 0.6. and p = O.:!.
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According to Fig. 8. for tension (<1":: > 0), strain localization seems always possible in
the hardening range (E> 0) for the constitutive parameters considered (G, = 0.75G

"K = 5Gb J1. = 0.6 and f3 = 0.2). If EGI drops rapidly and the loss of ellipticity occurs
between <1":: = 0 and '2. the long wavelength necking mode (surve A) may precede the shear
band mode depending on the actual slenderness ratio of the specimen. However, the
numerical solution of (41) (see Fig. 3) suggests that a necking mode. but not necessarily
the long wavelength mode. is always possible in the EC subregime even for finite specimen
size (a/ L # 0 but less than 7/4rc). For slowly decreasing EIGt• if a sufficiently large value of
<1"::l2G, can be sustained, the short wavelength surface rumpling (curve B) precedes loss of
ellipticity but occurs after the maximum load (curve A). If G1 is interpreted as a vertex
reduced shear modulus such that loss of ellipticity occurs on the ElY boundary between

, l8Kv(2 -,*G,/G1 )

4v > EIG, > .--.-----~
4Gt +9K '

(56)

then the necking mode always precedes the shear band mode available on the E/P boundary
(note that (55) is satisfied for the constitutive parameters used in Fig. 8). However. if the
parabolic regime is entered at E/G, > 4v. no necking mode precedes the initiation of the
shear band. In compression (rT:: < 0). pre-peak shear band. or strain localization. is possible
only if loss of ellipticity occurs at sullkiently large values of rT:I!.GI • i.e. yield surface vertex
effect dominates in the interpretation of G1• In such circulllstances. surface rumpling always
precedes the localization. If G1 is essentially the elastic modulus during the whole defor
mation path, localization occurs relatively late in the post-peak applied stress regime (E < 0)
ncar s = O. This is consistent with the conclusions by Rudnicki and Rice (1975) and by
Rudnicki (1977). In such situations. both long wavelength bulging and short wavelength
surface bifurcations may precede shear band bifurcation. In particular. if the exit to hyper
bolic regime occurs between rT:: = 0 and 't. bulging mode is always possible before the
onset of localization depending on the actual specimen dimensions. If loss of ellipticity
happens between 'I and '1. short wavelt:ngth surface modc prcccdcs shcar band mode but
occurs after the long wavelength bulging mode. Furthcr, thc short wavelength diffuse mode
is always a vailablc prior to the entry to the hyperbolic regime between, 1 and E/G, = O.

However, as shown in Fig. 3, some intermediatc dill'use modes, between long and short
wavelength limits. with finite wave number arc actually possiblc preceding or at peak applied
stress. That is, the pre-peak diffuse bifurcation mode, as depicted in Fig. 4. is always possiblc
before the transition from the EC subregime to the hyperbolic regime. Then. once (41) is
satisfied for some positive E/G1 during the evolution of deformation. diffuse modes such as
those shown in Fig. 4 occur preceding peak applied stress. Because these diffuse modes
appear in the elliptic regime before localization, they may affect the subsequent development
of localization. Roughly speaking. these deformed states may be viewed as initial geometric
imperfection of the specimen. By using finite element method. Tvergaard et al. (1981) found
that geometric imperfection plays an important role in governing the subsequent shear
band pattern of a rectangular specimen under plane strain tension. However. a similar
numerical simulation is not availablc for cylindrical specimcns undcr compression. Never
theless, such pre-peak or at peak dill'use bifurcation modcs may prccipitatc localization of
deformations. In particular. as shown in Fig. 4, the angle between the =-axis and the normal
of the line joining two opposite adjacent troughs arc 53.13' and 56.31 (by assuming a small
amplitude of diffuse modes) for aiL = 1/4 and aiL = 1/6 respectively. These angles arejust
about the angle of faulting predicted by (32) for small (rT::-rT,,)2Gt under compression
(e.g, sec Fig. 2). This coincidence leads naturally to the suspicion that such diffuse modes
trigger the pre-peak localization ofdeformation observed for rocks. Ofcourse, the geometric
modes depicted in Fig. 4 may not appear at all depending on the evolution of material
parameters with deformation and whether the eigenvalue equation (41) is satisfied.
Although the hypothesis seems plausible. numerical calculations. similar to those of Tver
gaard et al. (1981), are required to further investigate and clarify such a possibility.
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Fig. 9. Same as Fig. 8 for tcnsile latcral stress of u" = 0.2 G1•

Consequently. a localized shear band may appear much earlier than the theoretical
prediction. which is based on the loss of ellipticity. given in Section 4. Therefore. the
hypothesis that a pre-peak diffuse mode triggers localization of deformation provides a
possible explanation for those experimental observations summarized by Santarelli and
Brown (1989).

For tensile lateral slress (fT" = O.2G1). as shown in Fig. 9. the long wavelength limit
(curve A) shifts upward and cuts s = 0 at

(57)

and the short wavelength limit (curve B) pierces the EC/EI boundary to continue in EI
subregime. That is. tensile lateral stress favors the appearance of both short wavelength
surface mode and long wavelength necking mode for s > O. Furthermore, the compressive
E/H boundary between '1 and 'J shrinks considerably as curve B moves upwards faster
than eurve A. However, the overall response is similar to that described for Fig. 8.

Figure 10 shows a situation for compressive lateral stress of (J" = -O.2G1• In this case,
both curves A and B move towards the E/H boundary. More specifically, the shear band

E/G,
6.0

EI

p

-0.5 0 0.5 1.0
s: (Oi,-a.,) /2GI

Fig. 10. Same as Fig. 8 for compressive lateral strcss of u" = -0.2 G1•
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mode. appearing in the hardening regime. precedes the long wavelength necking mode when
the exit to the hyperbolic regime occurs near s = O. The short wavelength mode (curve B)
is eliminated in nearly the entire tensile elliptic regime except on the E, H boundary between
': and '~. Thus. compressive lateral stress delays the appearance of both long and short
wavelength limits of diffuse mode in the tensile regime (s> 0). And further increase in
compressive lateral stress may suppress all short wavelength diffuse modes in the tensile
elliptic regime. On the compressive side (s < 0). the E H boundary (in the softening range)
between'l and " expands as curve B moves downwards faster than curve A. However. the
response diagram is quite similar to that otTig. 8. Again. according to Fig. 3(d). compressive
lateral stress enhances pre-peak diffuse mode with finite wave number. Hence. according
to our hypothesis. the inception of shear band localization is more likely to occur preceding
peak applied stress under compressive lateral stress.

As mentioned in Section 5.1. due to the mathematical complexity involved. the
exclusion of bifurcations in the elliptic regime is not obvious compared with the plane strain
analysis given by Needleman (1979) and by Chau and Rudnicki (1990). However. the
numerical results obtained in Section 6 for ditfuse modes suggest that bifurcation is excluded
for the portion of tensile EC subregime which is above curve A. the maximum load point.

The discussion for the response regime given in this section is based on the assumption
that other material parameters vary slowly with deformation comparing to the instan
taneous tangent modulus E. A more realistic and complete picture of the possibh.: bifur
cations requires a good knowledge of thc evolution of all constitutive parameters with
deformation and stress states.

X. CONCl.t iSIO"

We haw extended the previous bifun.:ation analyses of axisymmetric eylindcrs by
Hutchinson and Miles (1974). and by I\liles and Nuwayhid (1985) to indudc trans
verse anisotropy and non-normality by employing Rudnieki's (1977) model. The bifurcation
analysis considers both difruse geometric and locdi/ed shear band modes. The ctrects of
the introduction of non-normality and transverse anisotropy on dilruse modes arc examined
in detail. Emphasis is given to study the rdatilHlship Ix:tween dill'use modes and shear band
modes.

Although the significance of both transverse anisotropy and non-normality on the
shear band mode has been considered by Rudnicki (11)77). for the sake of completeness.
we have re-examined them in more detail in Section 4. In particular. as concluded by
Rudnicki (1977). both transverse anisotropy and non-normality enhance the possibilities
of pre-peak localization under axisymmetril: wmpression but extreme values for material
parameters have to be used.

More importantly. the effcct of constitutive paramelas on Ee dilruse modes is sludieJ
numerically in Section 6. In general. tht: introduction of both transverse anisotropy and
non-normality lowers the eigenstress for difl'use modes in both tension and compression.
Furthermore. compressive confining stress is found lo dt:crease the eigenstress levels at
bifurl:ation in compression but increase them in tension. That is. compressive confining
stress enhances dilruse modes in compression but retards them in tension. foor short
wavelength surface undulation. both transverse anisotropy and compressive eonlining stress
reduce the eigenstress required for pre-peak bifurc;ltions. However. the in-plane com
pressibility promotes the occurrence of pre-peak surface rumpling modes unda compression
but retards them under tension.

In addition. the long wavelength mode is always the first available bifurcation under
tension. Even for finite specimen size (a/ L 1= 0). necking seems to be the earliest possible
kind of bifurcation under tension. In compression. for typical cylindrical geometry of of
ranging from 1/4 to 1/6. the most likely bifurcation modes arc those with wave number.
k = 3 or 4 instead of bulging mode (k = I). The angk of shear band promoted by these
diffuse modes coincides with the theoretical prediction by Section 4. This observation leads
to the hypothesis that pre-peak strain localization observed in experiments is triggered by
the EC diffuse modes.
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Guided by plane strain analysis (Hill and Hutchinson. 1975; Needleman. 1979; Chau
and Rudnicki. 1990) and by axisymmetric analysis (Rudnicki. 1977; Miles and Nuwayhid.
1985) we have extended the bifurcation analysis for compressible circular cylinders to
include non-normality and transverse anisotropy. However. the possible link between
diffuse and localized modes. suggested in Section 7, requires further study.
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